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Let F be a Banach or a nuclear Frechet space isomorphic to its square. ThenÂ
2 .P F , the space of 2-homogeneous polynomials on F, is isomorphic to the space
 .of continuous linear operators L F, F9 , both of them endowed with the topology
of uniform convergence on bounded sets. In this note we prove that the isomor-
phism can fail if F is not stable by studying two kind of examples: First, for Banach
spaces, we consider James spaces J constructed with the l -norm, with p ) 2;p p
second, we treat nuclear power spaces of finite or infinite type. Q 1997 Academic
Press
Ã .Given a real or complex Frechet space F we denote by F m F theÂ p
completed projective tensor product of F with itself. The symmetric
Ãsprojective tensor product, denoted by F m F, is the closed subspace ofp
ÃF m F spanned by the elements of the form x m y q y m x with x, y g F.p
 wWe restrict ourselves to the case of the 2-fold tensor product, e.g., see 6,
x .9 for details and interesting results about n-fold symmetric tensors.
Symmetric tensors arose in Functional Analysis in the Ph.D. Thesis of
w xRyan 16 in relation with the study of homogeneous polynomials on
 .  w x.Banach spaces. Indeed, if F has the BB -property see 6 , in particular if
ÃsF is a Banach or a nuclear space, then the strong dual of F m F is thep
2 . space P F of 2-homogeneous polynomials i.e., the space of the restric-
.tions to the diagonal of the symmetric 2-linear forms defined on F = F
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endowed with the topology of uniform convergence on bounded sets of F,
Ãas well as the fact that the strong dual of F m F is the space of allp
 .continuous linear operators L F, F9 endowed with the topology of uni-
form convergence on bounded sets of F.
Ãs Ã The space F m F is canonically complemented in F m F. The com-p p
plement is the subspace of antisymmetric tensor products, spanned by the
. welements of the form x m y y y m x. On the other hand it follows from 3,
Ã 2 Ãs 2xLemma 8 that F m F is complemented in F m F and the comple-p p
Ãs Ãs .  .ment is isomorphic to F m F [ F m F , so the following result is ap p
straightforward consequence of Pelcynski's decomposition method:
2 Ã .PROPOSITION 1. If F is stable i.e., isomorphic to F then F m F isp
Ãs 2 .  .isomorphic to F m F. In particular P F is isomorphic to L F, F9 .p
2 .  .It has not been checked so far if P F is not isomorphic to L F, F9 for
some Frechet space F. Our aim in this note is to study this question and toÂ
 .provide examples, both of Banach Corollary 7 and of nuclear spaces
 .Theorem 10 . In the first case we deal with quasireflexive James spaces
J , constructed with the l -norm, p ) 2 and in the second case we considerp p
 .non-stable power series spaces of finite or infinite type .
w xOur notation is standard. We refer the reader to 13, 5, 7, 11, 15 for
results concerning bases, polynomials, and nuclear and general locally
convex spaces, respectively. Given 1 - p - ` we denote as usual p9 s
 .pr p y 1 .
1
For any 1 - p - ` the James space J is defined asp
1rppn¡ ¦jq1ky1~ ¥5 5J [ x ; x [ sup x - ` . .  .  p i i i /¢ § 00sn -n - ??? -n js0 isn q10 1 k j
 w x.The structure of J has been mostly studied for p s 2 see 12 but thep
results can be extended word by word to the general case. We denote by ei
the sequence taking the value 1 in the ith place and 0 elsewhere, e shalli
U  .be also denoted by e when considered as an element of the dual J 9.i p
 .  U .Then e is a Schauder basis of J and e is a sequence of associatedi p i
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 .biorthogonal functionals in J 9. The following result can be proved in thep
w xsame way as 4, Lemma 2.a .
LEMMA 2. Let 0 s r - r - . . . be an increasing sequence of natural0 1
numbers and let y s rnq 1 a e be a bounded block basic sequence in Jn isr q1 i i pn
5 5 rnq 1with y ) « for some « ) 0 and e¨ery i g N. Let us assume that  ai isr q1 in
 .s 0 for e¨ery n g N. Then y is equi¨ alent to the unit ¨ector basis of l .n p
PROPOSITION 3. Let 1 - p - `, then:
 .a E¨ery weakly null and normalized sequence in J has a subsequencep
equi¨ alent to the unit ¨ector basis of l .p
 .  .  . 5 5b Gi¨ en a weakly null sequence z in J 9, with sup z ) 0n p n n
 .  .there exist a subsequence z and a quotient map Q : J 9 ª l such thats n. p p9
 .Q z s e , n g N.s n. n
 . w xProof. a The proof is quite similar to the one of 4, Lemma 3 but
some new ideas are necessary so we include it for the sake of correctness.
` U  .Note that for every r g N the element  e belongs to J 9 where theisr i p
 . .  .series converges in the topology s J 9, J . Now let x , with x sp p n n
` x e , be a normalized and weakly null sequence in J . By inductionis1 n, i i p
 .  .we shall construct a subsequence x equivalent to a sequence y thats n. n
 .satisfies the hypotheses of Lemma 2. We fix « ) 0, since x weaklyn
 .converges to 0 there exists s 1 g N such that
`«
U5 5  :x e - and x , es 1. , 1 1 s 1. i2 is2
` «
s x - . s 1. , i 2is2
Then we choose r ) 1 such that1
r `1 « «
x - and x e - , s 1. , i s 1. , i i2 2is2 isr q11
 r1 . r1and set y [ y  x e q  x e . Therefore1 is2 s 1., i 1 is2 s 1., i i
r1
5 5 5 5y y x F x e q x e1 1 s 1. , 1 1 s 1. , i 1
is2
` 3«
q x e - . s 1. , i i 2isr q11
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 4Assume that we have already chosen x ; j F n y 1 , r s 0 - r - ???s  j. 0 1
 .  4- r n y 1 and y ; j F n y 1 , satisfying the hypotheses of Lemma 2 andj
5 5 jsuch that x y y - 3«r2 . Once more we have thats  j. j
 r ny1.q1 U:.  ` U:.x , e and x , e converge to 0, so we canm is1 i m m isr ny1.q2 i m
 .  .choose s n ) s n y 1 such that
 .r ny1 q1 `
n nx e - «r2 and x - «r2 . s n. , i i s n. , i
is1  .isr ny1 q2
 .  .Now we select r n ) r n y 1 satisfying
 .r n `
n nx - «r2 , x e - «r2 . s n. , i s n. , i i
 .  .isr ny1 q2 isr n q1
Let us define
 .  .r n r n
y [ y x e q x e . n s n. , i r ny1.q1 s n. , i i / .  .isr ny1 q2 isr ny1 q2
Thus
 .r ny1 q1
5 5y y x F x en s n. s n. , i i
is1
 .r n
q x e s n. , i r ny1.q1 / .isr ny1 q2
`
nq x e - 3«r2 . s n. , i i
 .isr n q1
 .Therefore with a suitable choice of « we get a sequence x equivalents n.
 .to the basic sequence y which, by Lemma 2, turns out to be equivalentn
to the unit vector basis of l .p
 .  .  U .b The dual space J 9 has a Schauder basis given by e wherep i iG 0
eU [ ` eU , the convergence of the series in the weak* topology. Let0 is1 i
 . 5 5z be a weakly null sequence with sup z ) 0. By a classical perturba-n n n
tion argument, due to Bessaga and Pelczynski, we choose a subsequenceÂ
 . U rnq 1 Uz and a block basis sequence y s  a e , where 0 - r - r -r n. n isr q1 i i 0 1n
5 U 5. . . and y ) « for some « ) 0 and every n, such thatn
`
U5 5 5 5f z y y - 1, n r n. n
ns1
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 .  U .where f is a sequence of biorthogonal functionals associated to yn n n n
 w x w x w x.e.g., see 10, 30.13 or 13, 1.a.12 and the proof of 13, 1.a.11 . Then there
 .  . U exists an isomorphism T : J 9 ª J 9 mapping z into y , n g N seep p r n. n
w x.the proof of 10, 30.11 . By induction we construct a bounded block
 .  .  U .sequence y in J biorthogonal to y . Since J does not contain l wen p n p 1
 .can assume, by taking subsequences if necessary, that y is weak-Cauchy,n
 .  .hence y y y is weakly null. By using part a there is a subse-2 n 2 nq1
 .quence y y y equivalent to the unit vector basis of l . Let2 s n. 2 s n.q1 p
 .i : l ª J be an isomorphic embedding with i e s y y y ,p p n 2 s n. 2 s n.q1
 .n g N. Then i* : J 9 ª l is a quotient map and note thatp p9
 U :  U :i* y , e s y , i e .  .2 s n. m 2 s n. m
 U :s y , y y y s d ,2 s n. 2 s m. 2 s m.q1 n , m
 U .  .whence i* y s e , n g N. Therefore Q [ i* ? T : J 9 ª l is the2 s n. n p p9
announced quotient map.
COROLLARY 4. E¨ery continuous linear operator from X into Y is compact
in the following cases:
 .a X s J , Y s J , with 1 - p - q - `.q p
 .  .b X s J and Y s J 9 with p ) q9, in particular if X s J andp q p
Y s X 9 with p ) 2.
 .Proof. We prove b , the other case is similar. Let T : X ª Y be a
continuous linear operator. By contradiction if T is not compact and since
.  .X does not contain l there is a weakly null and normalized sequence x1 n
5  .5in X such that T x ) « for some « ) 0. By using Proposition 3 twicen
 .there exist a subsequence x , an imbedding i : l ª J , and a quotients n. p p
 .  .   ..Q : J 9 ª l such that Q ? T ? i e s Q T x s e , n g N, henceq q9 n s n. n
Q ? T ? i is a non-compact mapping from l into l , p ) q9, a contradictionp q9
with Pitt's theorem.
Remark 5. The result above cannot be obtained just from the well
known fact that J is hereditarily l i.e., every closed subspace of Jr r r
. w xcontains a copy of l . Indeed, Neidinger 14, Theorem 2.2 proved that forr
every 1 - p - q - r - ` the canonical inclusion from l into l , which isp q
not compact, factorizes through an hereditarily l space.r
As a consequence of Corollary 4 we can readily compute the dual and
Ã Ãsbidual of J m J and J m J if p ) 2.p p p p p p
Ã Ã Ãs .  .  .  .COROLLARY 6. If p ) 2, J m J 0 ' J 0 m J 0 and J m J 0p p p p p p p p p
Ãs .  .' J 0 m J 0.p p p
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Proof. By Corollary 4 and since J has the approximation property inp
Ã Ã.   . .  .fact it has a Schauder basis the dual of J m J is K J , J 9 ' J 9 mp p p p p p «
 . w x  .J 9 11, 18, 3 , moreover J 0, being isomorphic to J , has the Radonp p p
Nikodym property and the approximation property hence the dual of
Ã Ã .  .  .  .J 9 m J 9 is J 0 m J 0. The second statement readily follows sincep « p p p p
the symmetric projective tensor product is canonically complemented in
w xthe projective tensor product and by duality arguments; see 1 .
ÃCOROLLARY 7. If p ) 2 the projecti¨ e tensor product J m J is notp p p
Ãs   . .isomorphic to a complemented subspace of J m J . Equi¨ alently L J , J 9p p p p p
2 .is not a complemented subspace of P J .p
Proof. We first prove
Ã Ã Ãs ÃsJ m J 0r J m J ( J [ J , J m J 0r J m J ( J . 1 . /  /  /  /p p p p p p p p p p p p p p p
 .Indeed J 0 can be written as J [ K where the copy of J is just thep p p
canonical embedded of this space in its bidual. Then by Corollary 6
Ã Ã ÃJ m J 0 ' J [ K m J [ K ' J m J [ J [ J [ K, 2 . .  . /  /p p p p p p p p p p p
where the first component in the right hand side expression corresponds to
Ãthe canonical embedding of J m J in the bidual, thus the first assertionp p
 .of 1 follows since J [ K ( J . The second one is analogous; one justp p
needs to use the following isomorphism, which is obtained by restricting
 .the equivalence in 2 to the subspace of symmetric tensors,
Ãs ÃsJ [ K m J [ K ' J m J [ J [ K .  .  /p p p p p p p
x , a m y , b q y , b m x , a ª x m y q y m x , a y q b x , ab . .  .  .  .  .
 .Therefore 1 has been established. Now if X and Y are Banach spaces
such that X is a complemented subspace of Y then X 0rX is also
Ãcomplemented in Y 0rY ; thus if J m J is a complemented subspace ofp p p
Ãs  .J m J we conclude by 1 that J [ J is complemented in J , whatp p p p p p
cannot happen since J has codimension 1 in its bidual and J [ J hasp p p
codimension 2.
 .To show the second assertion, since J 0 is isomorphic to J we get thatp p
Ã Ãs .  .  .  .J 0 m J 0 is not a complemented subspace of J 0 m J 0 andp p p p p p
  . .consequently L J , J 9 cannot be isomorphic to a complemented sub-p p
2 .space of P J .p
2
In the second part of this note we consider nuclear power series spaces
Ã .  .  .L a , t s 1 or `, and, as a main result, prove that L a m L a ist t p t
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Ãs .  .  .isomorphic to a subspace of L a m L a if and only if L a is stablet p t t
 .  .i.e., isomorphic to its square . We recall some definitions. Let a s an
 .be an increasing sequence of positive numbers such that sup log nra -n n
  . .  .` respectively lim log nra s 0 , and the infinite respectively finiten n
 .   ..type power series space L a respectively L a is defined as the KotheÈ` 1
echelon space,
`
5 5 < <L a [ x ; x s x exp ka - `, k g N , .  .  .  .k` i i i i 5
is1
respectively
`
5 5 < <L a [ x ; x s x exp ya rk - `, k g N . .  .  .  .k1 i i i i 5
is1
w xPower series spaces were introduced by Grothendieck in 8 ; more details
w x  .  .can be seen in 7 . The conditions relating a with log n are equivalentn
 .  .to the nuclearity of L a . Moreover the fact that a is increasing ist n
 5 5 5 5equivalent to the regularity of the canonical basis i.e., e r ekq1 knq1 nq1
5 5 5 5 .G e r e for every k, n g N and this is important in order to getkq1 kn n
Lemma 9 below.
LEMMA 8. Let t be equal to 1 or to `, then:
Ã .  .  .  .  .a L a m L a is isomorphic to L s where s s s is ant p t t m
 .increasing rearrangement of the double sequence a q a . Moreo¨eri j i, jg N
 .s can be chosen in such a way that when the element s coincides withm m
2a for some n then m G n2.n
Ãs .  .  .  .  .b L a m L a is isomorphic to L g where g s g is ant p t t m
 .  .increasing rearrangement of the family a q a . Moreo¨er g can bei j iF j m
constructed in such a way that when the element g coincides with a q am 1 n
for some n G 2 then m F n2r2.
Ã .  w x.  .  .Proof. a It is quite known see 2, part 2 that L a m L a ist p t
 .isomorphic to the space of all double sequences x such thati, j
`
5 5 < <x [ x a i , j - `, ;k g N, .  .ki , j i , j k
i , js1
 .  .  .  .where a i, j s exp ka exp ka if t s ` and a i, j sk i j k
 .  .exp ya rk exp ya rk if t s 1. Therefore it is isomorphic to the poweri j
 .series space associated to the increasing rearrangement of a q a .i j i, j
 .Now, when ordering a q a increasingly we observe that 2a G a qi j i, j n i
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a , for every i, j F n hence the index m such that s s 2a can be takenj m n
to be greater than or equal to n2.
Ãs Ã .  .  .  .  .b The space L a m L a is the subspace of L a m L at p t t p t
 .spanned by the elements e m e q e m e and this is readily checkedi j j i iF j
 .to be isomorphic to the space of generalized sequences x such thati, j iF j
< <  . x a i, j - `, thus it is isomorphic to the power series spaceiF j i, j k
 .associated to the increasing rearrangement of a q a . In this case,i j iF j
given n g N, all the elements preceding a q a are selected only from1 n
the set of elements with the form a q a with i F j F n y 1, hence ifi j
2 .g s a q a with n G 2 we have m F n n y 1 r2 q 1 F n r2.m 1 n
 .The following lemma is well known. Part a follows from the properties
 w x.and estimates of the diameters of Kolmogorov see 7, I, 6.2.2, 6.3.2 . Part
 .b is a direct consequence of the property of quasi-equivalence of regular
w xbases of nuclear Frechet spaces 7, III, 2 .Â
LEMMA 9. Let t be equal to 1 or `.
 .  .  .a If L b is isomorphic to a subspace of L a , then sup a rt t n n
b - `.n
 .  .b L a is stable if and only if sup a ra - `.t n 2 n n
Now we come to our main result.
 .THEOREM 10. Let L a be a power series space with t s 1 or `. Thet
following conditions are equi¨ alent:
 .  .1 L a is stable.t
Ã Ãs .  .  .  .  . 2 L a m L a is isomorphic to L a m L a . Equi¨ alentlyt p t t p t
2  ..the space of 2-homogeneous polynomials P L a is isomorphic tot
  .   .. . .L L a , L a 9 .t t
Ã Ãs .  .  .  .  .3 L a m L a is isomorphic to a subspace of L a m L a .t p t t p t
Ã .  .  .4 L a m L a is stable.t p t
 .  . Proof. Part 1 implies 2 was observed in the Introduction. The
 . .  .  .equivalence stated in 2 is straightforward. Part 2 implies 3 as well as
 .  .  .  .  .  .1 implies 4 are obvious, so only 3 implies 1 and 4 implies 1 need a
proof. Both cases are quite similar.
 .  .3 « 1 . By hypothesis and by using the notation of Lemma 8 we have
 .  .  .that L s is a subspace of L g . From Lemma 9 a there exists M ) 0t t
such that g rs - M for every m g N. We shall prove that sup a ram m n 2 n n
 .- ` and then apply Lemma 9 b . Along this proof given any s g N we
’ ’ .denote by I 2 s the integer part of 2 s. Given any n g N, n G 2, we
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 . 2take m such that s s 2a . By Lemma 8 a we have that m G n . Now wem n
 .take m such that g s a q a . By 8 b’0 m 1 I 2 n.0
2 2’m F I 2 n r2 F n F m , . .0
whence g G g . Thenm m0
a g g.’I 2 n m m0F 2 F 2 F 2 M ,
a s sn m m
’ ’ ’   ...for every n g N. Now observe that 2n F I 2 I 2 I 2 n for n G 3, thus
a a aa .  ..    ...’ ’ ’ ’ ’ ’I 2 n I 2 I 2 n I 2 I 2 I 2 n2 n 3F F 8 M , n G 3.
a a a a.  ..’ ’ ’n n I 2 n I 2 I 2 n
 .  . To check that 4 implies 1 we use that s rs is bounded by2 m m
 ..Lemma 9 b and that the index m such that s s a q a can bem 1 n
selected to satisfy m F n2. Then given n g N we take m and m such that0
 .2s s 2a and s s a q a . Then m F 2n F 4m. Thereforem n m 1 2 n 00
sa s s sm2 n 4 m 2 m 4 m0F 2 F 2 s 2 .
a s s s sn m m m 2 m
This finishes the proof.
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